The spread of a graph is defined to be the difference between the largest eigenvalue and the least eigenvalue of the adjacency matrix of the graph. Let U k n denote the set of connected unicyclic graphs of order n and girth k, and let U n denote the set of connected unicyclic graphs of order n. In this paper, we determine the unique graph with minimum least eigenvalue (respectively, the unique graph with maximum spread) among all graphs in U k n . We, finally, characterize the unique graph with minimum least eigenvalue (respectively, the unique graph with maximum spread) among all graphs in U n .
Introduction
For an n × n complex matrix M, the spread s(M) of M is defined as the diameter of its spectrum, i.e. s(M) = max i,j |λ i − λ j |, where the maximum is taken over all pairs of eigenvalues of M. There are a lot of results on the spread of matrices; see, e.g. [6, 8, 9, 11] .
Recently, the spread of graphs, as the spread of a special class of matrices, has received much attention. Let G = (V , E) be a simple graph of order n with vertex set V = V (G) = {v 1 , v 2 , . . . , v n } and edge set E = E(G). The adjacency matrix of the graph G is defined to be a matrix A = A(G) = [a ij ] of order n, where a ij = 1 if v i is adjacent to v j , and a ij = 0 otherwise. Since A is symmetric and real, the eigenvalues of A, i.e. the zeros of the characteristic polynomial P (G, λ) = det(λI − A) of A, can be arranged as follows:
We simply call the eigenvalues and eigenvectors of A(G) as those of G, respectively. For convenience, denote λ n (G) by λ max (G) and λ 1 (G) by λ min (G). If, in addition, G is connected, then A(G) is irreducible, the spectral radius of A(G) is exactly the largest eigenvalue λ max (G); and by Perron-Frobenius Theorem, this eigenvalue is simple and there exists a unique (up to multiples) corresponding positive eigenvector, usually referred to the Perron vector of A(G). The spread of the graph G is defined as
s(G) = λ max (G) − λ min (G).
In [10] , Petrović determines all minimal graphs whose spread does not exceed 4. In [4] , Gregory et al. present some lower and upper bounds for the spread of a graph. They show that path is the unique graph with minimum spread among all connected graphs of given order. However, the graph(s) with maximum spread is still unknown, and some conjectures are given as follows. Conjecture 1.1 [4] . [4] . Among all graphs with n vertices and e n 2 4 edges, if G is one with maximum spread, then G must be bipartite.
Solving Conjecture 1.1 or characterizing the graph(s) with maximum spread among all graphs of fixed order is difficult. However, the problem is still interesting if we restrict the discussion to some special classes of graphs. In fact we may discuss Conjecture 1.2 for connected graphs with given number of edges. For trees, it is obvious that the star and the path have the maximum spread and the minimum spread among all trees with given order, respectively. For unicyclic graphs, Li et al. [7] determine the unique graph with maximum spread among all unicyclic graphs with given size of maximum matchings, and the unique graph with maximum spread among all unicyclic graphs of order n when n 18.
Recall that the girth of a graph is the minimum length of all cycles in the graph. Denote by U k n the set of connected unicyclic graphs of order n and girth k, and by U n the set of connected unicyclic graphs of order n. Denote by P k , C k , S k the path, cycle and star on k vertices, respectively. Denote by S k n (n k 3) the graph obtained from a cycle C k by attaching (n − k) pendent edges to only one vertex of the cycle.
In this paper, we discuss the maximum spread of unicyclic graphs subjected to another graph invariant: the girth, rather than matching number. The idea of our work is involved with following lemma. We prove that the graph with minimum least eigenvalue in U k n is the unique graph S k n , exactly the graph with maximum largest eigenvalue in U k n by Lemma 1.3 (1) . Hence S k n is the unique graph with maximum spread among all graphs in U k n . We also prove that if G is one with minimum least eigenvalue in U n , then G is S 3 n if n 12 and is S 4 n if 4 n 11. As a consequence, S 3 n for n 6 or S 4 n for 4 n 5 has the maximum spread among all graphs in U n . Obviously, S 3 n has n n 2 4 edges (for n 4), but S 3 n is not a bipartite graph. So, Conjecture 1.2 does not hold for unicyclic graphs with order not less than 6.
The organization of this paper is as follows. In Section 2, we discuss the least eigenvalues of graphs in U k n , and show that S k n is the unique graph with minimum least eigenvalue and hence the maximum spread among all graphs in U k n . In Section 3, we discuss the least eigenvalues of graphs in U n , and then determine the unique graph with maximum spread among all graphs in U n .
Minimizing least eigenvalue and maximizing spread among graphs in
. . , x n ) T be a column vector in R n , and let G be a graph on vertices v 1 , v 2 , . . . , v n . Then x can be considered as a function defined on the vertex set of G, that is, for any vertex v i , we map it to x i = x(v i ). We often say x i is a value of the vertex v i given by x. One can find that
and λ is an eigenvalue of G corresponding to the eigenvector x if and only if x / = 0 and 2) where
by adding a new vertex w together with edges joining w and each vertex of
with v 2 and forming a new vertex w. In the following we still take v 1 or v 2 as a vertex of G rather than using w. If G 1 (or G 2 ) is trivial (i.e. a graph with only one vertex), then G = G 2 (or G = G 1 ). If G 1 and G 2 have both at least two vertices, then w is a cut vertex of G. Next we give a result on the variation of the least eigenvalue of a graph under the above graph operation (see Fig. 2 
.1).
Lemma 2.1. Let G 1 and G 2 be two disjoint nontrivial connected graphs, and let 
with equality if only if x is an eigenvector of G corresponding to its least eigenvalue,
Proof. Assume that x is a unit vector and
We divide the discussion into cases, and simply write x(v i ) as x i .
If the equality holds, then x is also an eigenvector of G corresponding to the least eigenvalue 
Clearly
x i x j .
If the equality holds, thenx is also an eigenvector of G corresponding to the least eigenvalue λ min ( G) = λ min (G) := β. By comparing the (β,x)-eigenequation of G and the (β, x)-eigenequation of G on the vertex v 1 , we have α = 0, a contradiction. Hence the above inequality holds strictly.
Case 2. x(v 2 ) < 0. For the case of α 0 (respectively, α > 0), the discussion is very similar to Case 1 for α 0 (respectively, α > 0). In both cases, inequality (2.3) cannot hold as an equality. The result follows.
Corollary 2.2. Let G 0 , G 1 and G 2 be pairwisely disjoint nontrivial connected graphs, and let vertex such that x(w) has maximum modulus among all vertices on the cycle of S k n , and hence
Proof. Assume, to the contrary, there exists another vertex u on the cycle such that x(u) has maximum modulus and hence |x(u)| |x(w)|. Let S be the set of pendent vertices of S k n . Let G be a graph obtained from S k n by deleting all pendent edges incident to w and attaching them to u. By Lemma 2.1, Fig. 2.3c . In this case the inequality holds strictly as x(t) / = x(s). If G is obtained from a rooted cycle by attaching some pendent edges at the root r, and inequality (2.4) holds as an equality, from above discussion we find that only does the case of |x(t)| |x(s)| occur, in which case G s is of type S k n for some n and k, and x is an eigenvector G s corresponding to its least eigenvalue with x(t) = 0, a contradiction to Corollary 2.3.
Corollary 2.5. Let G be a graph of order n which is obtained from a cycle C k by attaching l pendent edges and m pendent edges respectively to two distinct vertices of the cycle, where
Proof. Let u, w be two distinct vertices on the cycle of G incident to l, m pendent edges, respectively. Let x be an eigenvector of G corresponding to its least eigenvalue. We may assume that |x(w)| |x(u)|. Then by Corollary 2.2, λ min ( G) λ min (G), where G is obtained from the cycle C k by attaching l + m pendent edges to the vertex w. Clearly, G ∼ = S k n , and then λ min (S k n ) λ min (G). If the equality holds, by Corollary 2.2, x(u) = x(w), and v∈S x(v) = 0, where S is the set of pendent vertices adjacent to u in the graph G. By Eq. (2.2), each vertex of S has same value given by x, and hence has value 0, which implies x(w) = x(u) = 0 also by Eq. (2.2). By Corollary 2.2, x is also an eigenvector of G ∼ = S k n corresponding to its least eigenvalue with x(w) = 0, a contradiction to Corollary 2.3.
Corollary 2.6. Let G be a nontrivial connected graph containing a vertex u, and let G(k, l) (k l 1) be a graph obtained from G by attaching two hanging paths P k and P l at the vertex u(i.e. by identifying u first with one pendant vertex of P k and then with one pendant vertex of P l ). Then for l 2,
Proof. Let u, w be two pendent vertices of the hanging path P k+l−1 of G(k + l − 1, 1) shown in Fig. 2 .4a, where u is the common vertex of G and P k+l−1 . Let v be the kth vertex of the path P k+l−1 (counted from u), and let P k (respectively, P l ) be the sub-path of P k+l−1 connecting u and v (respectively, v and w). Let x be an eigenvector of G(k + l − 1, 1) corresponding to 
where G(k, l) is shown in Fig. 2.4b .
If |x(u)| < |x(v)|, then by viewing P k (respectively, G and P l ) as the graph G 0 (respectively, G 2 and G 1 ) of Corollary 2.2, the above inequality also holds, in which case G(k, l) is shown in Fig. 2.4c . 
respectively, C{P n i }) be obtained from C{T n i } by replacing each T n i by a rooted star S n i with the center as its root (respectively, a rooted path P n i with one pendent vertex as its root). Then
λ min (C{S n i }) λ min (C{T n i }) λ min (C{P n i }).
Proof. Assume that T n i / = S n i (including roots) for some n i . Let v be a vertex in T n i such that d(v) > 2 and d(v, c i ) is largest among all vertices of T n i , where d(v, c i ) denotes the distance of
v to c i . Then there are at least two hanging paths attached at v. For any hanging path P t (t 3) at v, if P t is replaced by identifying the second vertex of P t (counted from v) with v, denoted the resulting graph as G, then by Corollary 2.6, λ min (G) λ min (C{T n i }). If t 4, then we continue the above procedure for the hanging path P t−1 of G attached at v. Repeatedly using Corollary 2.6, then P t is at last replaced by a star S t with its center identified with v, and the least eigenvalue of resulting graph is not larger than that of C{T n i }.
Repeating the same procedure for other hanging paths at v, we then get a star with v being its center whose order is equal to the sum of above paths. Let w be a vertex in T n i , adjacent to v, and belonging to the unique path between c i and v. By Corollary 2.4, the least eigenvalue is not increased when all pendant edges at v are relocated such that they become the pendant edges at
Repeating the same procedure for any other vertex as v, we arrive at C{S n i }, as desired.
Assume that T n i / = P n i (including roots) for some n i . Let v be a vertex defined in the first paragraph. By Corollary 2.6, when any two hanging paths at v are replaced by a single path with length equal to the sum of the two paths, then the least eigenvalues is not decreased. Repeating this procedure (for any other vertex as v), we arrive at C{P n i }, as desired.
with equality if and only if G = S k n .
Proof. Let G = C{T n i } defined as in Theorem 2.7. Assume that G / = S k n . If there exists exactly one n i , say n 1 , such that n 1 > 1, i.e. G is obtained from a cycle C k by identifying one vertex with some vertex of a tree T n 1 of order n 1 , then according the procedure in the first and second paragraphs of the proof of Theorem 2.7
where G is obtained from S k m by attaching (n − m) pendent edges to one of its pendent vertices for some integer m with k + 1 m n − 1. By Corollary 2.4, λ min ( G) > λ min (S k n ), and the result follows in this case.
If there exist more than one n i 's such that n i > 1, by Theorem 2.7, λ min (G) λ min (C{S n i }). So it is enough to deal with C{S n i }. Repeatedly using Corollary 2.2, we have
where G is obtained from S k m by attaching n − m pendent edges to some vertex on the cycle with degree 2 for some integer m with k + 1 m n − 1. By Corollary 2.5, λ min ( G) > λ min (S k n ). The result also follows.
By Lemma 1.3(1) and Theorem 2.8, we get the following result.
Minimizing least eigenvalue and maximizing spread among graphs in U n
In this section, we first determine the graph(s) whose least eigenvalue attains the minimum among all graphs in U n , and then characterize the graph(s) with maximum spread among all graphs in U n .
Proof. For the case of 3 k n − 1, let w be the unique vertex on the cycle of S k n incident to pendent edge(s). Let x be a unit Perron vector of A(S k n ). We claim that x(w) > x(v) for any other vertex v on the cycle of S k n . If not, let u be a vertex on the cycle with x(u) x(w). Let G be obtained from S k n by deleting all pendent edges incident to w and attaching them to u. Then by Eq. (2.1) 
n ). The above inequality cannot hold as an equality, otherwise x is a Perron vector of A(G) and this will cause a contradiction by considering the eigenequations of G and S k+1 n on the vertex w. 
By Theorem 2.8
The first result follows.
Next we prove the second result. Suppose that G is a graph whose least eigenvalue attains the minimum among all graphs in U n . Then G = S k n for some integer k by Theorem 2.8. If k is even, then k = 4; otherwise, by Lemma 3.1, λ max (S k n ) < λ max (S 4 n ), and by the fact that S k n , S 4 n are both bipartite
which yields a contradiction. If k is odd, then k = 3; otherwise, k = 2l + 1 for some l 2, and by the result we have proved
which also yields a contradiction. The result follows. where u is a vertex on the cycle of S 4 n with distance 2 to the vertex with maximum degree if n > 4 and u is chosen arbitrarily if n = 4, and w is a vertex of S 3 n with degree 2. Then the results follow.
Note that in [12] the authors give a similar proof of Lemma 3.5. Here we rewrite the proof for completeness. By Lemmas 3.2 and 3.5, we have the following theorem. Proof. Suppose G is one with maximum spread among all graphs in U n . Then by Theorem 2.9, G = S k n for some integer k. By Lemmas 3.1 and 3.2, G is S 3 n or S 4 n . If n 12, the result holds by Lemma 1.3(2) and Theorem 3.6. If n 11, we verify the result by the software Mathematica; see Fig. 3 .1.
